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The recent measurement of a half-integer thermal conductance for the ν = 5/2 fractional quantum
Hall state has confirmed its non-Abelian nature, making the question of the underlying topological
order highly intriguing. We analyze the shot noise at the edge of the three most prominent non-
Abelian candidate states. We show that the noise scaling with respect to the edge length can,
in combination with the thermal conductance, be used to experimentally distinguish between the
Pfaffian, anti-Pfaffian, and particle-hole-Pfaffian edge structures.
Introduction.— The fractional quantum Hall (FQH) [1,
2] state at filling ν = 5/2 [3] is the prototypical candi-
date for a phase of matter with non-Abelian topological
order [4]. Such order has attracted immense attention
during the last decades, not least for its remarkably rich
theoretical structure [5], but also as a promising platform
for topological quantum computation [6].
The 5/2 state is believed to consist of two filled low-
est Landau levels (LLLs) with opposite spin-polarizations
and one half-filled and spin polarized second Landau
level (2LL) [7–13]. For this structure, a wide variety of
theoretical candidate states have been proposed, among
which the most prominent are the Pfaffian (Pf) [4],
anti-Pfaffian (aPf) [14, 15] and particle-hole Pfaffian
(phPf) [16–19] states, which all exhibit non-Abelian or-
der. Also several Abelian states have been proposed [20–
23]. To date, numerical simulations seem to favor the aPf
state [7, 24, 25], while tunneling experiments point either
towards the aPf, SU(2)2, 331, or 113 states [26–28]. All
proposed candidates are compatible with the Hall con-
ductance GH = 5e
2/2h, but they differ in their bulk
topological order, manifested by different edge struc-
tures [29–31] (see Fig. 1a). A fruitful route in deter-
mining the nature of the 5/2 state is therefore by ther-
mal edge transport experiments [32–35]. If the edge fully
equilibrates due to efficient inter-channel tunneling, the
thermal Hall GQH and two-terminal G
Q conductances are
quantized as
GQH = νQκT, G
Q = |GQH |, (1)
where, κ = pi2k2B/3h, T is the temperature, and kB is
Boltzmann’s constant. The topological quantity νQ ≡
c−c¯ is the difference in the central charges of the chiral (c)
and the anti-chiral (c¯) sectors of the edge conformal field
theory [36, 37]. It should be emphasized however that,
with insufficient equilibration, GQ/κT may in principle
take any value between c + c and |νQ|. For an Abelian
edge, c and c¯ coincide with the number of downstream
(the chirality direction set by the magnetic field) and up-
stream (opposite direction to downstream) edge channels
respectively [36, 37]. By contrast, a chiral Majorana edge
mode ψ, present only on non-Abelian edges, contributes
instead with cψ = 1/2, implying a half-integer quanti-
zation in Eq. (1). Indeed, Banerjee et al. [34] recently
found GQ/κT ≈ 5/2; a clear signature of non-Abelian
order. This particular value of GQ was further inter-
preted as favoring the phPf state for which νQ = 5/2.
Under certain conditions, this particle-hole symmetric
value of νQ can also be obtained in models with ran-
dom puddles of alternating non-Abelian orders [38–41].
At the same time, theories of partial equilibration have
been put forward, allowing the aPf edge to remain a vi-
able candidate [42–46]. To our knowledge, no reconcilia-
tion between experiment and theory for the pure Pf edge,
where GQH/κT = 7/2 regardless of equilibration, has so
far been made. Hence, the question whether the ν = 5/2
state displays aPf or phPf topological order remains open
and pressing.
In this Letter, we propose that shot noise [47] mea-
surements are a powerful tool to distinguish between all
three non-Abelian 5/2 candidate states (see Fig. 1b). We
show that in the transport regime with complete edge
equilibration, which requires strong Landau level mixing
(LLM), the dc noice S either vanishes or decreases ex-
ponentially with increasing edge length L. However, in
the transport regime where LLM is negligible but equili-
bration within the 2LL is efficient, the aPf edge uniquely
exhibits the scaling S ' c1 − c2
√
L/`eq with constants
c1, c2 > 0 (see Fig. 1c). Most interestingly, it is precisely
in this semi-equilibrated regime that GQ/κT = 5/2 for
both the aPf and phPf states. It follows that in combi-
nation with measurements of GQ, the scaling of S with L
uniquely distinguishes between the aPf and phPf edges.
These disparate scalings follow from a delicate inter-
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FIG. 1. (a) Lowest (LLL) and second Landau level (2LL) edge structures of Pfaffian (Pf), anti-Pfaffian (aPf), and particle-hole
Pfaffian (phPf) states. Thick lines: unit-charge bosonic channels, dashed lines: charge 1/2 bosons, dotted lines: Majorana
channels. Arrows denote downstream (right-pointing) or upstream (left-pointing) propagation. Black arrows indicate spin. (b)
Schematic setup for measurement of noise S. The contacts are separated by distance L, one of them is biased with V0. In
the equilibrated regime, heat is generated at the hot spot (red dot) at the downstream contact, while noise is generated due
to partitioning of electron-hole pairs at the noise spot (yellow dot). The noise is independent of the direction of the applied
bias. (c) Shot noise S/(V0e
3/h) and thermal conductance GQ/κT of the aPf edge as functions of log[L/`∗eq] for `eq = 100 (solid
lines) and `eq = 1000 (dashed lines). In regime I (see Tab. I) the equilibration and S are weak and GQ/κT = 9/2. In regime
II where LLM is weak but intra-2LL equilibration efficient, S is approximately constant and GQ/κT ≈ 5/2. In regime III
with full equilibration, S is exponentially suppressed and GQ/κT → 3/2. (d) aPf edge channel temperature profiles in regime
II with `eq/`∗eq = 100 and L ≈ 11.8`∗eq. Heat from the hot spot (L − `∗eq . x . L) reaches the noise spot (0 . x . `∗eq). (e)
aPf edge channel temperature profiles in regime III with `eq/`∗eq = 100 and L ≈ 241`∗eq. The heat reaching the noise spot is
exponentially small in L.
play of charge and heat transport on the FQH edge. With
strong equilibration, L/`eq  1, where `eq is a charac-
teristic length [48] for charge and heat equilibration [49–
52], noise is generated due to thermal partitioning of the
charge current by the following mechanism [53–55]. It
is a remarkable consequence of the chiral edge nature
that, when a current is driven between two contacts along
an equilibrated FQH edge, heat is generated near the
downstream contact (the hot spot), while noise near the
upstream contact (the noise spot) (see Fig. 1b). Thus,
noise generation requires a heat flow upstream from the
hot spot to the noise spot, implying a deep connection
between the noise characteristics and the nature of the
heat transport along the edge. Since the latter is in-
herited from the bulk topological order, the topological
significance of the noise scaling follows. For edges with
νQ > 0, S ' 0 (up to exponential corrections in L/`eq);
for νQ = 0, S '
√
`eq/L and for νQ < 0, S ' const.
Hence, this noise classification constitutes a powerful
probe for the FQH edge structure and provides a fully
electrical method to detect upstream heat propagation.
To apply this classification to the three non-Abelian
ν = 5/2 edge candidates, we first define for each edge
two length scales `∗eq and `eq, which characterize intra-
2LL and complete equilibration, respectively [56]. We
assume `∗eq  `eq, which will be justified below. Next,
we identify transport coefficients and noise scaling for
the candidate edges in three transport regimes: L `∗eq
(regime I, clean regime), `∗eq  L  `eq (II, no LLM),
and `eq  L (III, full equilibration) [see Tab. I]. For the
maximally chiral Pf edge, no backscattering of charge or
heat occurs. Thus, there is no charge partitioning and
the noise vanishes identically in all regimes. For the phPf
edge, charge propagates only downstream as well, hence
no partitioning of the current and vanishing noise in all
regimes [57]. These results are to be contrasted with the
aPf edge, which has a richer edge structure and is in the
focus of this work. In regime I, we assume S ∝ L due to
rare scattering events (see Ref. 53 for details). In regime
III, Eq. (1) gives νQ = 3/2, which by our classification
implies exponentially suppressed S. However, when the
LLM is weak, i.e., in regime II, most of the noise is
generated only in the 2LL due to a lack of backscattering
in the two LLLs (which are to a large extent decoupled
from the 2LL). The 2LL channels, within which heat flow
upstream since (c − c)|2LL = −1/2, lead to a constant
noise S ' c1 − c2
√
L/`eq up to algebraic correction in
L. This algebraic correction originates from the weak
heat loss of the 2LLs to two LLLs. The existence of this
noisy regime for the aPf edge is our central observation.
To investigate this regime, we next perform a detailed
renormalization group (RG) analysis [50, 58] of `∗eq and
3`eq for the aPf edge.
Analysis of equilibration on the aPf edge.— The aPf
edge consists of one left-moving charge neutral Majorana
channel ψ (with velocity vn) and four charged bosonic
channels φi (i = 1, . . . , 4), where φ4 is left-moving while
the others are rightmovers [14, 15] (see Fig. 1a). The
action is S = S0 + Sψ, with
S0 = −
ˆ
dtdx
∑
ij
1
4pi
[
Kij∂xφi∂tφj + Vij∂xφi∂xφj
]
,
Sψ =
ˆ
dtdx
[
iψ(∂t − vn∂x)ψ
]
. (2)
Here, the topological matrix K = diag(1, 1, 1,−2) in
the basis (φ1, φ2, φ3, φ4), and the non-universal matrix V
contains on its diagonal all bosonic velocities, while the
off-diagonal elements describe inter-channel repulsive in-
teractions. We ignore density-density interactions involv-
ing the Majorana, since these are RG irrelevant at low
temperatures. The action (2) is integrable and involves
no mechanism for equilibration between the channels. In
the absence of such a mechanism, we have G/(e2/h) =∑
i |K−1ii | = 7/2 and GQ/κT = 4 + 1/2 = 9/2. We can
introduce equilibration by adding random inter-channel
electron tunneling [59]. Assuming that channels in the
2LL are spatially far away from the LLL channels, equi-
libration occurs dominantly within the 2LL (see e.g.,
Ref. 44). We may then add the following random dis-
order perturbation [14]
S2LL =
ˆ
dtdx
[
ξ2LL(x)ψe
i2φ4+iφ3 + H.c.
]
, (3)
where eiφ3 annihilates a right-moving electron while
ψei2φ4 creates a left-moving electron. For simplicity, we
take ξ2LL(x) as a complex Gaussian random variable,
〈ξ2LL(x)ξ∗2LL(x′)〉 = W2LLδ(x− x′).
We now analyze the influence of this disorder on the
edge transport by considering the linear RG equation
for W2LL. From the standard disordered averaged RG
scheme [60] we have dW˜2LL/d ln ` = (3 − 2∆2LL)W˜2LL.
Here, ` denotes the running length scale, ∆2LL is the
scaling dimension of ψei2φ4+iφ3 , and W˜2LL is the dimen-
sionless disorder strength corresponding to W2LL. Here-
after, all appearing dimensionless disorder strengths are
denoted with tilde. When the perturbation (3) is relevant
(∆2LL < 3/2), the disorder drives the system towards the
fixed point ∆2LL = 1 [14]. The RG flow then introduces
an elastic length scale `0 beyond which disorder mixes
the channels within the 2LL. We define `0 as the scale at
which W˜2LL is of order unity: `0 ∼ aW˜ 1/(3−2∆2LL)2LL,0 , where
a is the UV length cutoff and W˜2LL,0 ≡ W˜2LL(` = a).
If the edge length L is larger than `0, the system flows
towards the fixed point where it finally decouples into
three upstream-propagating neutral Majorana modes ψa
(a = 1, 2, 3) and three downstream-propagating charge
Transport characteristics Pf aPf phPf
I
G/(e2/h) 5/2 7/2 5/2
GQ/(κT ) 7/2 9/2 7/2
S 0 ∝ L 0
II
G/(e2/h) 5/2 5/2 5/2
GQ/(κT ) 7/2 5/2 5/2
S 0 const. 0
III
G/(e2/h) 5/2 5/2 5/2
GQ/(κT ) 7/2 3/2 5/2
S 0 ' 0 0
TABLE I. Two-terminal electrical (G) and thermal (GQ) con-
ductances, and scaling of shot noise (S) with length L for
Pfaffian (Pf), anti-Pfaffian (aPf), and particle-hole Pfaffian
(phPf) edges. Regime I: no equilibration, regime II: com-
plete 2LL equilibration, regime III: full equilibration. S ' 0
means exponentially small noise S ∼ e−L/`∗eq . The marked
box, where aPf and phPf edges show distinct noise scaling for
the same GQ, is a central result of this paper.
FIG. 2. Schematic log-log plot of the temperature (T ) de-
pendence of equilibration lengths `∗eq (within the 2LL) and
`eq (between the LLLs and the 2LL) for strong interactions
∆2LL < 3/2. `0 is a T -independent elastic length beyond
which channels in the 2LL mix by disorder and the system
enters the disorder-dominated phase, while LT ∝ 1/T (black
thin line) is the thermal length. The scaling of `∗eq and `eq
changes at T = T˜ , where the transition temperature T˜ is
defined as LT (T˜ ) = `0. For a given edge length L, three
transport regimes I, II, and III are indicated (see Tab. I).
T is replaced by the voltage V when kBT  eV .
bosonic modes φ1, φ2, and φρ = φ3 + φ4 [14, 15]. In the
vicinity of this fixed point, `0 constitutes the new UV
cutoff for the RG analysis below.
We then consider the length `∗eq and its scaling with
T , assuming kBT  eV , where V is the voltage bias.
We first consider sufficiently low temperature (T < T˜ in
Fig. 2). In the vicinity of the fixed point, and in the
basis of charged bosons and neutral Majoranas, the part
of S + S2LL equilibrating the 2LL reads
Sψρ = −vρσ
2pi
∑
a6=b
ˆ
dxdt∂xφρψa(R
T (x)LxR(x))abψb.
Here, R(x) is a disorder-dependent SO(3) matrix with
4which the bare action together with Eq. (3) becomes
the free-fermion action (see Ref. 14 for details). More-
over, Lx is the generator of SO(3) describing rota-
tion around the x-axis. Under the assumption that
ξρσ,ab ≡ vρσ(RT (x)LxR(x))ab is a Gaussian random vari-
able, 〈ξρσ,ab(x)ξ∗ρσ,a′b′(x′)〉 = Wρσ,abδ(x− x′)δaa′δbb′ , the
disorder strengths W˜ρσ,ab renormalize according to
dW˜ρσ,ab/d ln ` = (3− 2∆ρσ)W˜ρσ,ab = −W˜ρσ,ab, (4)
since ∆ρσ = 2 (with respect to the disordered fixed point)
in the absence of the interactions between the LLLs and
the 2LL. When T < T˜ , the RG flow in Eq. (4) termi-
nates at the thermal length LT ∝ 1/T , where the disor-
der strengths are
W˜ρσ,ab(LT ) = W˜
0
ρσ,ab `0/LT . (5)
Here, W˜ 0ρσ,ab ≡ W˜ρσ,ab(`0). Below we focus on W˜ρσ ≡
max
[
W˜ρσ,ab
]
as it dominates in equilibrating the 2LL.
Beyond LT , W˜ρσ scales classically, leading to
W˜ρσ(LT )/LT = W˜ρσ(`
∗
eq)/`
∗
eq ∼ 1/`∗eq, (6)
where we defined `∗eq as W˜ρσ(`
∗
eq) ∼ 1. Combining
Eqs. (5) and (6), we obtain the low-temperature scaling
`∗eq ∼ L2T /`0W˜ 0ρσ ∝ 1/T 2, (7)
in agreement with Ref. 61. For T > T˜ (see Fig. 2), the
RG flow terminates at ` = LT before reaching the dis-
order fixed point. A similar RG analysis [62] results in
the high temperature scaling `∗eq ∼ LT (`0/LT )3−2∆2LL ∝
T 2−2∆2LL . The complete temperature scaling of `∗eq is
depicted in Fig. 2. The scalings match at the crossover
scale LT ∼ `0 ⇔ T ∼ T˜ . We now return to the vicinity of
the fixed point, and consider weak random electron tun-
neling between the LLLs and the 2LL. The perturbing
action reads
SLLM =
ˆ
dtdxeiφ1(x)e−2iφρ(x)
[
ξLLM,1(x)
(ψ2 − iψ3
2
)
+ ξLLM,2(x)
(ψ2 + iψ3
2
)
+ ξLLM,3(x)ψ1 + H.c.
]
,
where ψ1 ≡ ψ, ψ2 = ei(φ3+2φ4) + e−i(φ3+2φ4), and
ψ3 = −i
(
ei(φ3+2φ4) − e−i(φ3+2φ4)). We neglect tunnel-
ing between φ2 and the 2LL, assuming negligible spin-
flip tunneling. With respect to the fixed point, all
tunneling operators have scaling dimensions ∆LLM =
2. The disorder strengths are assumed Gaussian:
〈ξLLM,i(x)ξ∗LLM,i′(x′)〉 = WLLM,iδ(x − x′)δii′ . The dis-
order strengths W˜LLM,i then renormalize according to
dW˜LLM,i/d ln ` = (3− 2∆LLM)W˜LLM,i = −W˜LLM,i. (8)
Again, we consider only the dominating disorder
W˜LLM ≡ max
[
W˜LLM,i
]
. Following the procedure leading
to Eqs. (5)-(7), we arrive at the length scale `eq, govern-
ing the LLM. It scales as
`eq ∼ L2T /`0W˜ 0LLM ∝ 1/T 2 , (9)
where W˜ 0LLM is the disorder strength with the largest
value at ` = `0. The low T scaling of `eq is depicted in
Fig. 2. Our results (7) and (9) imply that `∗eq  `eq (at
least for sufficiently low T ) and thus the transport regime
II holds in a broad range of T .
Numerical computation of the noise.— We next turn to
a computation of the noise scaling using the model from
Refs. 53 and 54. We introduce a set of virtual reservoirs
attached to each channel along the edge. Such reservoirs
define and maintain local equilibrium conditions in each
channel [51]. In the continuum limit, we obtain a set
of transport equations for the local voltages, local tem-
peratures, and the local noise along the edge [62]. By
numerically solving these equations for the aPf edge, we
obtain the plots in Fig. 1. In regime I, S rises first lin-
early, and then drops exponentially in L/`∗eq. Around
log[L/`∗eq] ≈ 2 (regime II), S ' c1 − c2
√
L/`eq. The
algebraic corrections to the constant scaling become sup-
pressed for larger `eq and develops into a plateau. On this
plateau GQ/κT ≈ 5/2. In regime III, S ' e−L/`∗eq and
GQ/κT = 3/2. Figs. 1d and 1e depict the edge channel
temperature profiles in regimes II and III respectively.
In the former regime, heat flows ballistically upstream
with diffusive corrections from LLM. In the latter, the
upstream heat propagation is exponentially suppressed
in L.
Discussion.— We now justify the assumption of weak
LLM, i.e., that typical experimental conditions favor
regime II. Since φ1 and the 2LL (having the same
spin polarization) are spatially far apart, electron tun-
neling between these levels can be assumed to be weak.
By contrast, φ2 and the 2LL are spatially closer, but
have opposite spin-polarizations and tunneling between
them is therefore also strongly suppressed, assuming no
(or only weak) spin-rotation symmetry breaking. Strong
inter-channel interactions may also weaken the LLM [46].
Moreover, upstream heat propagation at ν = 5/2 was re-
ported in Ref. 63, providing further support for regime
II.
Our proposed measurement of S should be feasible
with present technology. We envision a device capable
of measuring both GQ and S(L/`∗eq). The latter mea-
surement can be performed either by varying the inter-
contact distance L, e.g., with a modulation gate, or by
using several contacts spaced along the edge. Another
possibility is to fix L and instead tune the equilibration
length, as recently was demonstrated in a specially de-
signed double-well device at ν = 2/3 [64]. Our setup
allows in principle for observing a transition of GQ/κT
from 5/2 to 3/2 with increasing L, which would strongly
favor the aPf state (see Tab. I).
5Our analysis is based on no heat leakage into the bulk.
If such leakage occurs, the relation between bulk topo-
logical order and edge heat transport breaks down [52].
No-leakage experimental conditions were demonstrated
at ν = 5/2 in Ref. 34.
Summary.— We studied shot noise S on the ν = 5/2
FQH edge for the three main edge candidates consistent
with half-integer quantization of GQ: Pfaffian, particle-
hole Pfaffian, and anti-Pfaffian. Assuming full equi-
libration, which requires strong Landau level mixing,
we argued that S vanishes or decays exponentially in
the edge length for all three candidates. However, in
the regime where Landau level mixing is negligible, but
intra-Landau level equilibration is efficient, only the anti-
Pfaffian edge generates non-vanishing S. We demon-
strated that a transport regime with GQ/κT = 5/2 in
combination with S ' c1 − c2
√
L/`eq uniquely singles
out the anti-Pfaffian. By contrast, for the same GQ,
the scaling S ' 0 points instead strongly towards the
particle-hole Pfaffian. The Pfaffian edge exhibits ro-
bustly GQ/κT = 7/2 and S = 0. We expect our re-
sults to be very useful for experimentally determining
the ν = 5/2 edge structure. Our analysis can also be
extended to other FQH states.
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In this Supplemental Material, we provide additional details in the derivation of the equilibration length scaling
laws (Sec. SA), and details in our numerical calculations of the anti-Pfaffian noise characteristics (Sec. SB).
SA. DETAILS OF THE RG ANALYSIS
Here, we provide additional details in the derivation of the scaling behavior of the anti-Pfaffian (aPf) equilibration
lengths `∗eq and `eq. To this end, we follow the renormalization group (RG) approach in Ref. S1. We start by focusing
on the case of strong interactions (∆2LL < 3/2) within the 2LL. The edge of the aPf state are described by the action
S0 + Sψ =
ˆ
dxdt
−∑
ij
1
4pi
(Kij∂xφi∂tφj + Vij∂xφi∂xφj) + iψ(∂t − vn∂x)ψ
 , (S1)
where K = diag(1, 1, 1,−2) in the basis of (φ1, φ2, φ3, φ4). This action is integrable and thus it does not contain
any mechanism for equilibration between the channels. Such a mechanism can however be captured by introducing
random inter-channel tunneling. Assuming that the channels in the second Landau level (2LL) are spatially far away
from the integer channels in the lowest Landau level (LLL), the equilibration dominantly occurs within in the 2LL.
The random disorder term then reads [S2]
S2LL =
ˆ
dxdt
[
ξ2LL(x)ψe
i2φ4+iφ3 + H.c.
]
. (S2)
Here, eiφ3 annihilates a right-moving electron while ψei2φ4 creates a left-moving electron. For simplicity, we take
ξ2LL(x) as an uncorrelated complex Gaussian random variable satisfying 〈ξ2LL(x)ξ∗2LL(x′)〉 = W2LLδ(x−x′). We note
that ψ must be included in the left-moving electron operator to ensure the correct Fermionic commutation relation(
ψ(x)ei2φ4(x)
)(
ψ(x′)ei2φ4(x
′)
)
= −
(
ψ(x′)ei2φ4(x
′)
)(
ψ(x)ei2φ4(x)
)
e−4[φ4(x),φ4(x
′)]
= −
(
ψ(x′)ei2φ4(x
′)
)(
ψ(x)ei2φ4(x)
)
, (S3)
where we used the commutation relation [φ4(x), φ4(x
′)] = −ipisgn(x − x′)/2. Eq. (S2) leads to the first order RG
equation
dW˜2LL
d ln `
= (3− 2∆2LL)W˜2LL, (S4)
with the running length scale denoted `. Furthermore, ∆2LL is the scaling dimension of the electron tunneling operator
in Eq. (S2), W˜2LL the dimensionless disorder strength renormalizing W2LL; Hereafter we will denote all dimensionless
disorder strengths with tildes. In the vanishing interaction limit (V13 = V14 = V23 = V24 = 0) between the lowest
Landau level (LLL) and 2LL, ∆2LL is computed as
∆2LL =
1
2
+
(3/2− 2x)√
1− 2x2 . (S5)
where x = 2V34/(2V33 + V44). Note that the term 1/2 in ∆2LL originates from the Majorana mode. When the
perturbation Eq. (S2) is relevant (∆2LL < 3/2), disorder drives the system towards the ∆2LL = 1 disordered fixed
2point [S2]. Eq. (S4) then defines an elastic length scale `0 over which disorder mixes the channels within the 2LL. Let
`0 be the value of the running ` at which W˜2LL becomes unity:
`0 ∼ aW˜ 1/(3−2∆2LL)2LL,0 , (S6)
where a is our ultra-violet length cutoff (e.g., the lattice constant) and W˜2LL,0 is the bare disorder strength at ` = a.
As the system size L goes beyond `0, the system flows to ∆2LL = 1 with three upstream-propagating neutral Majorana
modes ψa (a = 1, 2, 3) and three downstream-propagating charge bosonic modes φ1, φ2, and φρ. After reaching the
vicinity of the fixed point, `0 acts as the new ultra-violet cutoff of the RG analysis.
We now turn our attention to the scaling of the equilibration lengths in temperature. An applied voltage bias
V substitutes T when eV  kBT , but at the moment, let us focus on the case of kBT  eV . We first consider
sufficiently low temperature (T < T˜ in Fig. 2 of the main text) such that the system arrives at the disorder fixed
point. Inter-channel interactions between the LLL and 2LL are assumed negligible. The part of the action leading to
the equilibration length `∗eq within the 2LL is written as
Sψρ = −vρσ
2pi
∑
a 6=b
ˆ
dxdt∂xφρψa(R
T (x)LxR(x))abψb. (S7)
Here R(x) is a disorder-dependent SO(3) matrix with which the bare action together with Eq. (S2) becomes the free-
fermion action (see Ref. S14 for a detailed description). Moreover, Lx is the generator of SO(3) describing rotation
around the x axis. Under the assumption that ξρσ,ab ≡ vρσ(RT (x)LxR(x))ab follows the Gaussian random distribution
〈ξρσ,ab(x)ξ∗ρσ,a′b′(x′)〉 = Wρσ,abδ(x− x′)δaa′δbb′ , the dimensionless disorder strengths W˜ρσ,ab (proportional to Wρσ,ab)
renormalize according to the RG equation
dW˜ρσ,ab
d ln `
= (3− 2∆ρσ)W˜ρσ,ab = −W˜ρσ,ab. (S8)
Here, the scaling dimension ∆ρσ = 2 in the absence of the interactions between the LLL and 2LL. The RG flow
terminates at the thermal length LT ∝ 1/T , where the dimensionless disorder strengths read
W˜ρσ,ab(LT ) = W˜
0
ρσ,ab
`0
LT
, (S9)
where W˜ 0ρσ,ab ≡ W˜ρσ,ab(`0). We focus next only on the largest of the of dimensionless disorder strengths (W˜ρσ ≡
max
[
W˜ρσ,ab
]
) as it dominates when determining the equilibration length. Beyond the scale LT , the scaling of W˜ρσ
continues classically (i.e, W˜ρσ grows linearly) leading to
W˜ρσ(LT )/LT = W˜ρσ(`
∗
eq)/`
∗
eq ∼ 1/`∗eq. (S10)
Here, `∗eq is defined as the length at which W˜ρσ(`
∗
eq) ∼ 1. Combining Eqs. (S9) and (S10), we obtain
`∗eq ∼
L2T
`0W˜ 0ρσ
∝ 1
T 2
. (S11)
Close to the disordered fixed point, the channels in the 2LL start to couple to channels in the LLL by disorder. The
dominant term to describe the coupling originates from the electron tunneling term with smallest scaling dimension
as
SLLM =
ˆ
dxdt
[
ξLLM,1(x)e
iφ1(x)e−iφ3(x) + ξLLM,2(x)eiφ1(x)e−i(3φ3(x)+4φ4(x)) + ξLLM,3(x)eiφ1(x)e−i(2φ3(x)+2φ4(x))ψ
+ H.c.
]
=
ˆ
dxdt
[
eiφ1(x)e−2iφρ(x)
(
ξLLM,1(x)
(
ψ2 − iψ3
2
)
+ ξLLM,2(x)
(
ψ2 + iψ3
2
)
+ ξLLM,3(x)ψ1 + H.c.
)]
.
(S12)
Here, φρ = (φ3 + φ4), ψ1 = ψ, ψ2 = e
i(φ3+2φ4) + e−i(φ3+2φ4), and ψ3 = −i
(
ei(φ3+2φ4) − e−i(φ3+2φ4)). In the vicinity
of the disordered fixed point, all terms have the same scaling dimension: ∆LLM = 2 and the disorder strengths satisfy
3Gaussian distributions 〈ξLLM,i(x)ξ∗LLM,i′(x′)〉 = WLLM,iδ(x − x′)δii′ . The dimensionless disorder strengths W˜LLM,i
(proportional to WLLM,i) renormalize according to
dW˜LLM,i
d ln `
= (3− 2∆LLM)W˜LLM,i = −W˜LLM,i. (S13)
We next only consider renormalization of the strongest disorder W˜LLM ≡ max
[
W˜LLM,i
]
as it dominates in the
equilibration. Following the same procedure of Eqs. (S8)-(S11), we arrive at
`eq ∼ L
2
T
`0W˜ 0LLM
∝ 1
T 2
, (S14)
where W˜ 0 is the disorder strength with the largest value at ` = `0. When the temperature is larger than T˜ (see Fig. 2
in the main text), on the other hand, Eq. (S2) terminates before reaching the disorder fixed point. At the thermal
length scale ` = LT , the dimensionless disorder strength W˜2LL reads
W˜2LL(LT ) = W˜2LL,0
(
LT
a
)3−2∆2LL
=
(
LT
`0
)3−2∆2LL
. (S15)
Following the same procedure as Eqs. (S10) and (S11) beyond the thermal length scale ` = LT , we obtain
`∗eq = LT
W˜2LL(`
∗
eq)
W˜2LL(LT )
∼ LT
(
`0
LT
)3−2∆2LL
∝ T 2−2∆2LL . (S16)
The scaling of `eq at high temperature (T > T˜ ) is much more complicated to analyze, since it generally depends on
the scaling dimensions and the bare strengths of many possible disorder terms. However, under the assumption that
W 0LLM,i is strongly dominating, we find that `eq ∼ T 2−2∆LLM,i , where ∆LLM,i is the scaling dimension of the operator
associated to ξLLM,i.
SB. NUMERICAL CALCULATION OF EQUILIBRATION AND NOISE FOR THE APF EDGE
To model equilibration and noise, we use the theory developed in Refs. S3 and S4. We denote with ~V (x) =
(V12, V3, V4)
T (x) (superscript T denotes transposition) the local voltages of the bosonic channels φ1 + φ2 (assumed
for simplicity to be in equilibrium upon exiting the contacts), φ3, and φ4 respectively. The voltages evolve along an
aPf edge according to the transport equation
∂x~V (x) =MV ~V (x), MV = 1
`∗eq
 −α α2 α2α −1− α 1
−2α −2 2α+ 2
 , (S17)
where α ≡ `∗eq/`eq  1 is a parameter determining the degree of Landau level mixing. For simplicity, we ignore any
temperature or voltage dependence of the equilibration lengths which we choose as constant. The corresponding local
electrical currents ~I(x) obey a similar equation
∂x~I(x) =MI~I(x), MI = DMVD−1, (S18)
with D = diag(2, 1,−1/2). Note that the charge neutral Majorana mode is absent in determining the voltage and
current profiles. The local temperatures are governed by
∂x ~T 2(x) =MT ~T 2(x) + ∆~V (x), MT = 1
`∗eq
 −α α2 α2α −1− α 1
− 23α − 23 2α+23
 , (S19)
with ~T 2(x) = (T 212, T
2
3 , T
2
4 )
T (x), and we have for simplicity assumed that the charge and heat equilibration lengths
are identical.
4Generally, these two length scales can differ depending on the microscopic details of the edge, but this complication
does not change our qualitative results. Moreover,
∆~V (x) =
e2
hκ
(
α
(V12 − V4)2
2`∗eq
+ α
(V12 − V3)2
2`∗eq
,
(V3 − V4)2
`∗eq
+ α
(V12 − V3)2
`∗eq
,−3α (V12 − V4)
2
2`∗eq
− 3(V3 − V4)
2
2`∗eq
)T
(x)
(S20)
reflects the Joule heating contribution. In contrast to Eq. (S17), the Majorana mode contributes in Eq. (S19) by the
fractional pre-factor 2/3 (the inverse central charge of the 2LL left-movers). Since only the combined operator ψe2iφ4
constitutes an electron, we assume for simplicity that ψ and φ4 are always thermally equilibrated and their common
temperature is T4(x).
Shot noise is related to the local current fluctuations, which are found from
∂x ~δI (x) =MI ~δI (x) + ~δI
τ,int
(x), ~δI
τ,int
(x) =
−1 −1 01 0 −1
0 1 1

δI
τ,int
12,3 (x)
δIτ,int12,4 (x)
δIτ,int3,4 (x)
 , (S21)
in which δIτ,intn=12,3,4(x) are intrinsic fluctuations governed by local equilibrium noise relations
δIτ,int12,3 (x)δI
τ,int
12,3 (y) =
2e2
h`eq
kB [T12(x) + T3(y)] δ(x− y), (S22a)
δIτ,int12,4 (x)δI
τ,int
12,4 (y) =
2e2
h`eq
kB [T12(x) + T4(y)] δ(x− y), (S22b)
δIτ,int3,4 (x)δI
τ,int
3,4 (y) =
2e2
h`∗eq
kB [T3(x) + T4(y)] δ(x− y), (S22c)
all other correlators being zero. The overline means time-average. Finally, the noise in any of the two contacts on the
edge (equal due to current conservation) is formally defined by
S = (δI12(L) + δI3(L))
2
= (δI4(0))
2
. (S23)
To compute S, we first choose boundary conditions V12(0) = V3(0) = V0, V4(L) = 0, which by Eq. (S17) gives the
distribution of voltages in the bosonic channels. Next, we solve Eq. (S19) with boundary conditions T12(0) = T3(0) =
T4(L) = 0 using the solutions ~V (x) in the Joule heating contribution (S20). In our setup, we assume no heat bias
during the noise measurement. Finally, with the obtained temperature profiles, we compute the average in Eq. (S23)
using the relations in Eq. (S22). If one is interested only in complete edge equilibration, one may reduce the edge into
two counter-propagating hydrodynamic modes [S4] and the noise can be solved for analytically. To fully capture the
transition between transport regimes II and III, we have to resort to numerical calculations.
In Fig. 1c of the main text, we computed S(L/`∗eq) from L = 0.007 to L ≈ 241 with `∗eq = 1 and α = 0.01 (blue solid
line) and α = 0.001 (dashed blue line). We also used Eq. (S19) with ∆~V (x) = 0 to compute the thermal conductance
GQ/(κT )[L/`∗eq], where T is the temperature bias between x = 0 and x = L. Furthermore, Figs. 1d and 1e depict
solutions to Eq. (S19) for L ≈ 11.8 and L ≈ 241 respectively. For these two plots, we have taken `∗eq = 1, α = 0.01.
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